
N U M E R I C A L  M O D E L I N G  O F  C O M P R E S S I O N  

A N D  R A R E F A C T I O N  W A V E S  IN M E T A L S  

V.  M. F o m i n  a n d  E .  M.  K h a k i m o v  UDC 539.374 

Various  possibi l i t ies  a re  considered for mathemat ical  descr ipt ion of the behavior of media during dy- 
namic  deformat ion  with both elastoplast ic  [1-7] and nonlinear viscoelastoplast ic  models considering m i c r o -  
s t ruc tu ra l  plas t ic i ty  mechan isms  [8-11]. 

1. Basic Equations and Relationships Defining the P r o c e s s .  The medium through which compress ion  
and ra re fac t ion  waves propagate will be assumed isotropic .  The state of this medium is cha rac te r i zed  by a 
distr ibution of deformation t ensors  si and s t r ess  t ensors  ai, a velocity vector  u, and an internal  energy E. 
Here  i = 1, 2, 3 are  the ma jo r  axes of the s t r e s s  and deformation tensors .  We wri te  the deformation inc re -  

ment t ensor  in the form of a sum s = s + ~i p where ee, ~ a re  the elastic and plast ic  deformation tensors ,  

respect ively .  Elas t ic  deformation is cha rac te r i zed  by the expression ~r i = X~ + 2 ~  e (i = 1, 2, 3), where 6 = 
3 3 

�9 p 
~ ; X and # are  Lamfi p a r a m e t e r s  and the plast ic components sat isfy the condition ~ e~ = (~. The dot de- 

i - l  i = l  

notes the t ime derivat ive along the t r a j ec to ry  of an element of the medium. 

The relat ionships for the increment  in hydrostat ic  p r e s su re ,  the maximum value of tangent s t r e s s ,  and 
the ma jo r  value of the plast ic  deformat ion tensor  have the form 

- ~ + 2 % o  �9 ~ - ~ ~  �9 ~'i ~ - ~  3 " .  
P :  3 ' ~ =  ~ - ~ '  e'~ - 2 T q '  

Consider ing a state of uniaxial s t r e s s ,  where 

we find 

~" = ~-.: 2 .  P - ~ 3 .  

Similar ly ,  for the uniaxially deformed state 

we obtain 

�9 ~ . 

s2 = e3 : 0, q ~ - 0 ,  ~i=~0. J., = ~3 ~ 0  

;- = ~(~', - 21 , , ) ,  ~., : K ~ ' .  K = ( 3 ~  : -  2~ , )? , .  (1.1) 

In the motion of a continuous medium the laws of conservat ion of mass ,  momentum,  and energy must  be ful- 
filled, which in Lagrangian coordinates  (h) have the fo rm 

8e l lO t  = - -  8 u ' O h ,  908u 'O t  : - -8J~. 'O '~ ,  ,%dE/St  = e~Oe lOt .  
(i .2) 
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where  t is  t ime  and P0 is  the ini t ial  densi ty  of  the medium.  Deformat ion  and s t r e s s  a r e  defined as posi t ive  
for  the c o m p r e s s e d  s ta te .  Depending on the actual  p rob lem considered,  it is n e c e s s a r y  to choose the 
co r respond ing  uniaxial  s ta te .  

Sys t em (1.2), desc r ib ing  the p r o c e s s e s  of p ropaga t ion  and in terac t ion  of c o m p r e s s i o n  and r a r e f ac t i on  
waves ,  is  not comple te .  Since in the future  we will  be cons ider ing  propagat ion of s t rong  shock waves  in 
me t a l s ,  following [12, 13] we will  wr i t e  the ca lo r i c  equation of s ta te  in additive f o r m  [14] 

where  

P = P x  + P n  + P c ,  E =  E~ + E n '-- E~, (t.3) 

P 
k 

Px = u [(P/Po)v - -  tl; E x = ,t' px (p) d (J 'p); 
Pc 

PR = /'RERP; ER : c v ( r  - -  To) + Eo; 

Pe = " / ' e E e P ;  Ee I [~ tn /O~I'eT~ = 2 vo~vo ~ / 

H e r e  F R is  the  Gri ineisen p a r a m e t e r ,  which in the gene ra l  ease  m a y  depend upon v = l / p ;  F e,  a coeff icient  
defining the ra t io  of t h e r m a l  e l ec t ron  p r e s s u r e  to e l ec t ron  t h e r m a l  energy  density;  oV, specif ic  heat; k, y,  
E0, /~0, cons tants  c h a r a c t e r i z i n g  the p r o p e r t i e s  of  the given medium.  

To  evaluate  the r e l a t ive  ef fec t  of  the components  appear ing  in Eq. (1.3), these  re la t ionships  we re  ca l -  
culated for  shook waves  in a luminum,  copper ,  i ron,  and lead.  The init ial  s ta te  co r r e sponded  to p = 0, T = 
293~ P / P c  = 0.987. The  Gri ineisen coeff ic ient  in th is  case  is  ca lcula ted  with the fo rmula  of [12], for  E 0 = 
0 . 1 6 1 J / g ,  k = 7 6 4 k b a r ,  y = 4 . 1 ,  ~0 = 0.5, F e = 0 . 5 ,  p = l a t m ,  T = 2 0 ~  

Analys is  of  the ca lcula t ion r e s u l t s  p e r m i t s  the conclusion that  at loading r a t e s  u 0 -< 4 k m / s e c  the con-  
t r ibu t ions  of the t h e r m a l  components  to p and E m a y  be neglected,  which is not poss ib le  at  higher  i n t e r ac -  
t ion r a t e s .  

The ma thema t i ca l  model  of  the m ed i um is comple ted  by the equation of p las t ic  flow, which defines the 
dependence of p las t ic  flow veloc i ty  gP on the r ema in ing  c h a r a c t e r i s t i c s  of the med ium (in pa r t i cu la r ,  the 
s h e a r  s t r e s s  v, t e m p e r a t u r e  T,  e tc . ) .  

Thus,  for  the uniaxial  de fo rmed  s ta te  the following mode l s  may  be employed:  

hydrodynamic  (~ = 0) 

e l a s t i c  

eP = 0;" 

e l a s top las t i c  

~,' = 0  for v < Y ,  

where  Y, the yield point of  the med ium,  m a y  be a function of p, p, T, eP and the o ther  p a r a m e t e r s  of the 
med ium.  Thus,  for  Y = Y0 = eons t  we have an ideal ly  p las t ic  model  

the  d is loca t ion  model  

/~ (e - -  2e'),  v < Yo, 

= [Yo., a:~> Yo; 

~ = b~lVd, 

w h e r e  b is  B u r g e r s  vec tor ;  Nd = ~a(~p), mobi le  d is locat ion  density;  Vd = ~ ( r ,  p,  E) dis locat ion d i sp lacement  
r a t e .  The actual  f o r m s  of the functions 9 ,  @ and Y will be es tab l i shed  below. 
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2. Mathemat ica l  Fo rmula t ion  of the P r o b l e m  of Coll is ion of Two P la t e s .  Method of Solution. The 
p r o b l e m  of col l is ion of two p l a t e s  is  the model  p r o b l e m  whose solution p rov ides  informat ion  on the dynamic 
c o m p r e s s i b i l i t y  of a m a t e r i a l  and the in te rac t ion  of shock waves  With unloading waves .  On the o ther  hand, 
the p r o c e s s e s  occu r r ing  upon col l i s ion of two p la tes  a re  eas i ly  r ea l i zab le  in exper imen t .  

Le t  a pla te  of  th ickness  l coll ide no rma l ly  at a ve loc i ty  u 0 upon the su r face  of another  pla te  with th ick-  
ness  L >> 1. We choose  the pla te  length much g r e a t e r  than the th ickness ,  pe rmi t t ing  study of the physica l  
p r o c e s s  in the one-d imens iona l  approximat ion .  In the gene ra l  case  the m a t e r i a l s  f r o m  which the two p la tes  
a r e  cons t ruc ted  m a y  differ .  

Thus,  the given p r o b l e m  can be formula ted  ma thema t i ca l ly  as follows: One mus t  find functions u, ~l, 
e l ,  eP, %, % p, E, T -C Ci(Dz), which in the region D z = { - l  --< h ~ L, 0 -< t < ,o) satisfy- the s y s t e m  of 
d i f fe rent ia l  equations (1.1)-(1.3) and one of the functions ~P(% p, E) with init ial  

iuo > O, - - l ~ h < O ,  
u = [ o ,  I ) ~ h ~  L 

and boundary  conditions 

cq(t, - -  z) = O, a,( t ,  L ) =  O, t : >  O. 

Only for  v e r y  spec ia l  equations of s ta te  can this  p rob l em be solved analyt ical ly ,  and the case  of g r e a t e s t  
p r a c t i c a l  i n t e r e s t  was  cons idered  in [15]. A solution was obtained the re  with the approximat ion  of sma l lnes s  
of the s t r e s s  devia tor  components  in c o m p a r i s o n  to the s t r e s s  discontinui ty on the shock wave front .  In the 
gene ra l  case  analyt ic  cons idera t ion  of the p r o b l e m  is difficult .  Thus,  a numer i ca l  solution without l imi ta t ions  
on the  m a t h e m a t i c a l  model  of  the med ium or  col l is ion p a r a m e t e r s  is of  in t e res t .  Such a numer i ca l  ca lcu la -  
t ion was p e r f o r m e d  with Wi lk ins - type  oblique counting d i f ference  scheme .  The a r t i f i c ia l  Viscosi ty was chosen 
in the f o r m  

' ~ ) ~ q1%h, (ah)~, q=(  -:qzP" OhiJoh" q : =  qe= :s 

where  Ah is the Lagrangian  gr id  step;  q[ = 0.2; ~ = 5.0. 

The coeff ic ients  ql ~ and q0 were  chosen to diffuse the shock f ronts  i n t h r e e  o r  four calcula t ion ce l l s  without 
count ingosc i l la t ions  behind t hewave  front~ Calculat ions revea led  that  the p r o c e s s  of shock wave propaga t ion  
and in te rac t ion  depends not only quant i ta t ively,  but also qual i tat ively,  on the ma thema t i ca l  model  chosen.  
This  is r e la ted  f o r e m o s t  to the complex  s t ruc tu re  of the waves .  

Calcula t ions  of  this  p r o b l e m  in the e las top las t i c  approximat ion  by the a lgor i thm desc r ibed  above for  
v = cons t  (poisson coefficient) ,  K = p(p, T ) / e l ,  Y = Y(p) and Y = y(eo)  for  a luminum show quali tat ive a g r e e -  
ment  in the i r  wave pa t t e rns  with the r e su l t s  of  [6, 7, 15]. Coll is ion ve loc i ty  was va r i ed  ove r  the range  0.1 to 
5 kin/see. 

3. Calculat ion Resu l t s .  We will examine  in g r e a t e r  detail  the r e su l t s  obtained with the med ium de-  
s c r ibed  by the dis locat ion model .  He re t he fun c t i ons  ~(eP) and O(T, p, E) a r e  t sken  in the f o r m  

~d = ]ClOXl;' , [ r [ >  r*,  i ~ l - ' c *  " 
f3.1) 

where  M is  the d is locat ion  mul t ip l ica t ion  coeff ic ient  (constant); cl ,  sonic s h e a r  velocity;  vl, c r eep  coeff i -  
cient; ~-*, th resho ld  value of shea r  s t r e s s  below which all d is locat ions  in the med ium a r e  immobi le .  Equation 
(3.1) is genera l i zed  in c o m p a r i s o n  to prev ious  exp res s ions  [8-10] in that  it will  be valid not only for  loading, 
but a lso  for  unloading. I t  should be noted that  the dis locat ion densi ty  will  i nc r ea se  not onty in a c o m p r e s s i o n  
wave,  but a lso  in a r a r e f a c t i o n  wave.  
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Figure  1 p r e s e n t s  p ro f i l e s  of  the s t r e s s  a t = el(h) at va r ious  t imes  (curve 1) for  u 0 = 1.2 kn~/sec9 l = 

1.5 m m  and m a t e r i a l  p a r a m e t e r s :  b = 2.86 �9 108 cm,  N o = 3.75 �9 106 c m  2, M = 7.8 �9 10 l~ c m  2, c 1 = 3.2 k m / s e c ,  

T* = 2.5 kbar ,  T i = 5 kba r ,  P0 = 2.787 g / c m  3. At the ini t ial  momen t  the re  p ropaga te  in di f ferent  d i rec t ions  
f r o m  the contact  plane h = 0 shock waves  of  a two-wave s t ruc tu re ,  the fo rward  fronts  of which move  at the 
r a t e  of e las t ic  waves ,  while behind these  the re  p ropaga te  p las t ic  c o m p r e s s i o n  waves  which br ing the med ium 
p a r a m e t e r s  into the i r  final s ta te  co r respond ing  to the col l is ion veloci ty .  The p las t ic  wave ampli tude and 
ve loc i ty  depend s ignif icant ly  on the col l i s ion veloci ty .  Because  of the p las t ic i ty  delay effect ,  the t rans i t ion  
to the p las t ic  s ta te  of the med ium is compl ica ted  by the fact  that  the s t r e s s  in the e las t ic  p r e c u r s o r  exceeds  
Y0 and v a r i e s  with t ime .  

F r o m  the f ree  su r f ace  of the colliding plate  (h = - 1 )  the c o m p r e s s i o n  waves  r e f l ec t  e las t ic  and p las t ic  
unloading waves .  Since the e las t ic  unloading wave p ropaga tes  through ma te r i a l  loaded p rev ious ly ,  a f te r  a 
ce r t a in  t ime  in te rva l  i t  ove r t akes  the front  of the p las t ic  c o m p r e s s i o n  wave.  As a r e su l t  of the i r  in terac t ion  
the ampli tude of the p las t ic  c o m p r e s s i o n  wave d e c r e a s e s ,  and the e las t ic  loading wave is r e f l ec ted  f r o m  the 
p las t i c  f ront  in the f o r m  of an e las t ic  c o m p r e s s i o n  wave which will  move f r o m  the point of in te rac t ion  in the 
d i rec t ion  of the p las t ic  unloading wave.  After  th is ,  this  e las t ic  wave in te rac t s  with the p las t ic  unloading wave.  
As a r e su l t  of th is  decay  of the discontinuity,  a r e f l ec t ed  unloading wave develops ,  which again ove r t akes  the 
p las t i c  loading wave and d e c r e a s e s  i ts  intensi ty.  At l a t e r  t i m e s  the en t i re  p r o c e s s  is repea ted .  

In the dis locat ion model  of  p las t ic  deformat ion ,  due to p las t i c i ty  delay the in tensi ty  of the e las t ic  un-  
loading wave will  be h igher  than the intensi ty  of  that  wave calcula ted  in the e las toplas t ic  approximat ion .  This  
leads  to m o r e  rapid  damping of the p las t i c  unloading wave front.  

Simple  expe r imen ta l  s tudies  can be of g r ea t  impor t ance ,  s ince they p e r m i t  not only development  of a 
qual i ta t ive p ic ture  of  the phenomenon,  but also c o m p a r i s o n  with r e su l t s  of numer i ca l  expe r imen t s  to d e t e r -  
mine  the ef fec t  of the defining p a r a m e t e r s  of  the m a t h e m a t i c a l  model .  Thus,  the p r o b l e m  formula ted  above 
was ca lcu la ted  with four di f ferent  m a t h e m a t i c a l  mode l s .  Resu l t s  showing the damping of  the m a x i m u m  v e lo c -  
i ty of  the f ree  su r face  of the plate  as a function of i t s  th ickness  a re  shown in F igs .  2-4 .  In all the models  
cons ide red  in Eq. (1.3) the contr ibut ion of e l ec t ron  components  Pe and Ee was neglected in c o m p a r i s o n  to 
Px, PR and Ex, ER. The plate  m a t e r i a l  was a s sumed  to be a luminum,  although the s ame  quali tat ive pa t t e rn  
obtains for copper  and i ron.  In the i dea l -p l a s t i c i t ymode l  we a s s u m e  v = k/2(X + #) = const ,  K = (3k = 2#)/3 = 
PiP, T ) / ~ ,  Y = Y0 = const ,  while in the e las toplas t ic  model  with s t rengthening we take Y = Y0 + ~ P  - ~ p 2  
where  ~1 and ~2 a re  cons tants .  The numer i ca l  values  of the constants  for  the models  of  the s t r i k e r  and t a r -  
get  p la tes  a re  shown in Table  1. 

In hydrodynamic  t heo ry  (curve 1, F igs .  2-4) the damping p r o c e s s  is of a monotonic c h a r a c t e r  and c o m -  
mences  la te r .  This  is  because  in this  case  the d iss ipa t ive  energy  is  l e s s  than in the o ther  c a s e s  (]points 2 a r e  
the r e su l t s  of expe r imen t s  f r o m  [16-18]). The g r e a t e s t  quanti tat ive d ivergence  o c c u r s  in the range  of r e l a -  
t ive ly  low col l is ion ve loc i t i es ,  i .e . ,  in the loading ra te  range  where ef fec ts  due to the p r e s e n c e  of  Shear  
s t r e s s e s  a r e  m o s t  s ignif icant .  Thus,  even at u 0 = 5.4 k m / s e c  all the m a t h e m a t i c a l  models  give s i m i l a r  r e -  
su l t s ,  i .e . ,  within the l imi t s  of e x p e r i m e n t a l  e r r o r .  

A c o m p a r i s o n  of the expe r imen ta l  data  of [16-18] with r e su l t s  of ca lcula t ions  shows that  the c o m m e n c e -  
ment  of damping is de t e rmined  s ignif icant ly  by the ve loci t ies  of the e las t ic  unloading and p las t i c  loading 
f ronts ,  while the amount of damping depends on the ampli tude of the e las t ic  unloading wave.  Introduct ion of 
addit ional p a r a m e t e r s  a 1 and ~2 in the e las top las t i c  model  with s trengthening (points 3, F igs .  2-4) p e r m i t s  
cons idera t ion  of the dependence of the m e d i u m ' s  mechan ica l  p r o p e r t i e s  upon p r e s s u r e .  

Thus,  the pa t t e rn  of shock wave damping upon in te rac t ion  with the unloading wave is in be t t e r  a g r e e -  
ment  with the expe r imen ta l  r e s u l t s  than the hydrodynamic  or  idea l -p las t i c i ty  mode l s  (points 4, F igs .  2-4}. 
I t  is evident f r o m  the data of  F igs .  2-4 that  the damping p r o c e s s  in t h e c o l l i s i o n  ve loc i ty  range  under  con-  
s ide ra t ion  is desc r ibed  bes t  by models  which cons ider  the phys ica l  theory  of p las t ic i ty ,  i .e . ,  d is locat ion mod-  
e ls ,  desc r ibed  by Eq. (3.1) (points 5). 

It  should be noted that  the gene ra l ly  accepted  dis locat ion model  is not a comple te  one f r o m  tim phys ica l  
viewpoint .  Slippage of d is locat ions  at a ce r t a in  ve loc i ty  v d leads  not only to p las t ic  flow at the point under  
cons idera t ion ,  but a lso  to d i sp lacemen t  of  the dis locat ion.  As a resu l t ,  the t rans i t ion  of the med ium f r o m  t h e  
e las t ic  to the p las t ic  s ta te  can be accompl i shed  not only by mul t ip l icat ion of d is locat ions ,  but a lso  due to the 
p r e s e n c e  of a flow of  d is loca t ions  (diffusion of plas t ic i ty) .  F o r  a ma themat i ca l  descr ip t ion  of d is locat ion k in-  
e t ics  one mus t  cons ider  the dis t r ibut ion of t he i r  s l ip  ve loc i t ies  and Burge r s  vec to r s .  In the s i m p l e s t  case  
the d is locat ion densi ty  m a y  be r e p r e s e n t e d  as the sum of the dens i t ies  of posi t ive and negat ive d is locat ions ,  
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having identical ,  but opposi te ly  d i rec ted  ve loc i t ies ,  Nd = N+ and N_. We a s s u m e  that  mul t ip l icat ion of the 
d is loca t ions  of  d i f ferent  s igns occu r s  identical ly,  and that  they  sl ip only in the plane of m a x i m u m  tangent ia l  
s t r e s s .  This  gives  the following kinet ic  equations: 

dN+ i 0 . M de p 

d N _  t O .lI de ~ 
dt V . ~  Oh ( V - ~ d )  = 

ds p 
dt - -  b (I\ '+ - -  .V_) z~, 

/ c l e x p ( - v d ( l ~ l  - ~*)), I~1> ~*. 
Vd = '( O, I~I ~< ~*. 

Calcula t ions  by  this  model  with cons idera t ion  of dis locat ion k inet ics  (Fig. 2, points 6) ag ree  well  with e x p e r -  
imenta l  r e su l t s .  

A detai led p ic tu re  of  the behav io r  of  the bas ic  p a r a m e t e r s  in the dis locat ion model ,  desc r ibed  by Eq. 
(3.1) is  p r e s e n t e d  in Fig .  1, where  the d is t r ibu t ions  Nd(h) , T(h) a re  shown by cu rves  2, 3 for  four  di f ferent  
t i m e s .  I t  i s  evident  that  the mobi le  d is locat ion densi ty  wave front  has  a two- s t ep  configurat ion,  and, as  was 
p red ic ted  by  theory ,  i n c r e a s e s  sharp ly ,  co r r e l a t i ng  with the loading and unloading waves .  Meanwhile,  the 
beginning of  the i n c r e a s e  in N d coincides  with the m a x i m u m  in the e las t ic  p r e c u r s o r .  

To s tudy the  effect  of  co l l i s ion  ve loc i ty  upon p las t i c i ty  delay in a luminum,  a numer i ca l  solution was 
obtained for  the c l a s s i c a l  p r o b l e m  of propaga t ion  of a c o m p r e s s i o n  wave in the following formulat ion:  D e t e r -  
mine  the  functions u, ul, ~2, ~1, ~P, 7, p, E,  T E Cl(Dz), which in the region D z = { 0 - < h  < oo, 0 ~ t  < oo} 
sa t i s fy  the s y s t e m  (1.1)-(1.3), (3.1) with init ial  u = u 1 -- ~2 = ~1 = 6p = 0 Vh and boundary conditions u = u 0 > 
0 at h = 0 ,  t - > 0 .  

The solution was  found numer i ca l ly ,  in a manne r  s i m i l a r  to the p rev ious  p r o b l e m s .  The bas ic  p a r a m -  
e t e r s  of  the med iu m  used  in the solution axe p re sen ted  in Table  1. F igure  5 shows the cu rves  of  m a s s  ve -  
loc i ty  damping obtained behind the  e las t i c  p r e c u r s o r  unpon i ts  p ropaga t ion  in a luminum for  va r ious  loading 
r a t e s  (1, u 0 = 2.0; 2, 1.5; 3, 1.0; 4, 0.5; 5, 0.4; 6, 0.3; 7, 0.2 k m / s e c ) .  Damping of the e las t ic  p r e c u r s o r  in 
the given model  is  explained by the in te rac t ion  of the e las t ic  c o m p r e s s i o n  wave with the unloading wave which 
develops  immed ia t e ly  behind the e las t ic  p r e c u r s o r  due to s t r e s s  re laxat ion .  I t  follows as a r e su l t  of this in-  
t e r ac t i on  that  a f te r  a ce r t a in  t ime  the ampli tude of  the e las t ic  p r e c u r s o r  wave will  no longer  depend on the 
ve loc i ty  u0, and all  p a r a m e t e r s  will  tend to asympto t ic  va lues  cor responding  to the idea l -p las t i c i ty  model ,  
i.e., 

i f  { 43.Y \1/7 
= __ _~ 0 

, ) ,  ,o = . . . .  , . 
' (T--I) P~,' 

= 3 1 - v po [(p/po)v _ l], 

P0 = 2.785 g / c m  3, P0 = 149.8 kbar ,  Y = 5.1, Y0 = 2.5 kba r .  

F o r  each  point in space  the function u(a) m a y  be cons t ruc ted .  Such a function is not unambiguous,  and 
o v e r  the p a r a m e t e r  r ange  cons ide red  will  have local  m a x i m a  and min ima ,  the n u m e r i c a l  va lues  of  which de -  
pend on loading r a t e .  The s h e a r  s t r e s s e s  co r respond ing  to these  points  T 1 (curve 1) and T 2 (curve 2) as a 
function of  d is tance  h for  u 0 = 1 k m / s e c  a r e  shown in Fig .  6. I t  is  evident that  the d i f fe rence  between these  
va lues  d e c r e a s e s  rap id ly ,  a i~erwhich T 1 and T~ tend asympto t ica l ly  to the value of the s ta t ic  yield point,  de-  
noted by  the  dashed line in Fig .  6. 

Thus ,  the s tudy p e r f o r m e d  p e r m i t s  the conclusion that  the ma thema t i ca l  models  p roposed  a r e  appl icable 
for  ca lcula t ion  of e l a s top las t i c  p r o c e s s e s  ove r  a wide range  of deformat ion .  
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